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a b s t r a c t
In this paper a replacement-repair model is developed to study a renewing free
replacement warranty (RFRW) for a class of multi-state deteriorating repairable products.
After a replacement, the product warranty is renewed. Two parameters affect the
manufacturer’s decision to minimally repair or replace a failed item: the product
deterioration level at the time of failure and the remaining warranty time. We derive
an optimal replacement-repair policy to minimise the expected warranty servicing cost
per item sold. In the case of a product with two different working states, we are able to
explicitly find the optimal values of the replacement-repair parameters using the Adomian
decompositionmethod. In general, forN > 2, it is impossible to find the optimal parameter
values analytically. Hence, a computational procedure for finding these optimal values is
proposed. For more clarification, numerical examples are also presented.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
In recent years, rapidly evolving technologies, competitive markets and new consumption patterns have brought
customer satisfaction to the top of manufacturers’ priority list. In addition to product price, quality, and reliability, warranty
plays a significant role in attracting customers. Warranty has become an increasingly important factor in product selection
and is being established as a determinant product attribute by market analysts.
Warranty is an agreement offered by a producer/seller to a consumer to replace or repair a faulty item, or to partially
or fully reimburse the consumer in the event of a failure. Detailed discussion and review of various aspects of product
warranties can be found in Blischke and Murthy [1–3] and Murthy and Djamaludin [4] and the references therein. We will
focus our review on the papers that are directly related to this study.
One of the commonly used warranty policies, especially for electronic and mechanical products, is Renewing Free
Replacement Warranty (RFRW). Under RFRW, the warrantor agrees to repair or replace any failed item up to time W (the
length of thewarranty period), from the time of purchase, at no cost to the consumer. In the event of a repair or replacement
within an existing warranty, the item is warranted anew for another period of length W . Mathematical formulations and
cost models under RFRW policy are studied in [5–7]. Yeh et al. [8] analyse the effect of the RFRW on replacement policy
for a non-repairable product with an increasing failure rate. They develop cost models for products both with and without
warranties, and analytically derive corresponding optimal replacement ages such that the long-run expected cost rates are
minimised. Recently, Chien [9] has developed a general age-replacement model for RFRWwhich includes minimal repair as
well as planned and unplanned replacement.
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Notations
N number of working (failure) states,
W length of the warranty period,
K a decision variable (1 ≤ K ≤ N),
α a decision variable (0 < α ≤ W ),
C(j)m minimal repair cost for a faulty item in state j (j = 1, 2, . . . ,N),
C(j)r replacement cost for a faulty item in state j (j = 2, . . . ,N),
µj transition rate from working state j (j = 1, 2, . . . ,N),
Pj probability of the itementeringworking state j+1 given that it has exitedworking state j (j = 1, 2, . . . ,N−1),
1 − Pj probability of the item entering failure state j given that it has exited working state j (j = 1, 2, . . . ,N − 1),
C (α, K ;W ) expected warranty servicing cost per item to the manufacturer.
In the context of warranted multi-state products, several researchers have developed mathematical models that are
directly or indirectly related to our study. Most of these models do not take into account the deterioration of the product
and are limited to modelling the state transitions before and after a rectification action. The state transition of a warranted
item is modelled by Nguyen and Murthy [10] using imperfect repair, and by Nguyen and Murthy [11] using replacement
by another repaired item. In these two papers, the repaired or replaced item is considered in a different state because of a
change in its failure rate. In all of these studies, the deterioration of the item is not taken into account.
The idea of multi-state modelling is due to from [12]. They study the optimal replacement problem of a component
where n types of replacements with exponential lifetimes and a variety of prices and failure rates are available. Assaf and
Levikson [13] and Assaf [14] extend this model to phase-type and arbitrary lifetime distribution of the replacements. They
provide a conditional optimal replacement policy, depending on the required remaining operating time at the time of failure.
In these models the failed item is replaced with a second-hand item from a specific category, which may not be desirable
by the customers. In addition, the natural deterioration of the product is not taken into account.
Moustafa et al. [15] present a maintenance model for a multi-state semi-Markovian deteriorating system. Zuo et al. [16]
develop amodel for a class of multi-state deteriorating products under free replacement warranty. Each itemmay gradually
deteriorate along a predetermined number of working states. The problem facing the manufacturer is to choose an
appropriate rectification action (repair or replace) in each failure state during the warranty period in order to minimise
the total expected warranty servicing cost per item. They introduce a new repair-replacement strategy to minimise the
expected warranty cost per warranted item. Because of the high conformity this policy has with the configuration of the
system defined in this paper and also with the literature provided in the context of maintenance, we intend to use a similar
repair-replacement strategy to minimise the expected warranty cost per warranted item under RFRW.
It is worthwhile mentioning a different line of research related to modelling the deterioration of multi-state products,
where the product state refers to different usage intensities. Murthy [17] studies the problem of estimating the expected
warranty cost for a case where the item usage is intermittent over the warranty period and the failure of the item is
dependent on its usage. In this case, the item failure when in use can be different from that when idle. Kim et al. [18]
focus their attention on warranty cost analysis for products sold with a free replacement warranty and the usage intensity
varying across the buyer population. The product degradation and failure depend on the usage intensity and this in turn has
an impact on the expectedwarranty cost.Wu and Li [19] andWu andXie [20] present a new approach to address the concept
of different failure rates duringwarranty period. In these two papers, different failure patterns at the dormant state, the time
from product installation to commissioning, and at the operating state and the relationships between them are discussed.
In this paper we develop a RFRW model for a class of multi-state deteriorating repairable products. We assume that
during the warranty period the item can be in N different working states. Since the item may fail in any of these states,
there are N possible failure states. At failure, based on the degree of deterioration and the length of the residual warranty
period, the manufacturer decides whether to minimally repair or replace the item by a new one. Once the item is replaced,
the warranty starts anew. After a minimal repair, the product is operational but its failure rate remains unchanged. The
goal of this study is to draw an optimal warranty repair-replacement strategy, i.e., to derive the optimal values of the two
replacement-repair parameters tominimise the total expected warranty servicing cost from amanufacturer’s point of view.
The remainder of this paper is organized as follows. The descriptions and assumptions of themodel are given in Section 2.
In Section 3, we consider a simple model with only two working states and show how the expected warranty servicing cost
is calculated and the optimal replacement-repair parameters are obtained. In Section 4, using themain ideas from Section 3,
the model is extended to include products with more than two working states. In Sections 3 and 4, we offer some examples
and conclude the paper in Section 5.
2. Model description and assumptions
Consider a deteriorating item whose operating life can be classified into N-finite number of working states 1, 2, . . . ,N .
Working state 1 represents the operating of a new item and states 2, 3, . . . ,N reflect the relative degrees of item’s
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Fig. 1. A flow diagram of a multi-state deteriorating item. 99K (– · →) denote the after-failure state after a minimal repair (replacement).
deterioration in ascending order. Although discrete deterioration models overlook the continuous nature of deterioration,
they have the advantage of being simpler and easier to analysewhile still providing significant insights into the deterioration
process.
It is assumed that the sojourn time of the system in state j follows an exponential distribution with transition parameter
µj. Thus, 1/µj represents the mean time to transition from state j. The parameter µj, in agreement with the real world,
increases as j increases from 1 to N . It means that the expected number of transitions increases as the item proceeds to
the later states. Once the item enters working state j, it can either fail with probability (1 − Pj) or move to the subsequent
working state with probability Pj. If it enters a failure state, then it can be made operational either through minimal repair
or through replacement. In the former case, it is restored back to working state j while in the latter it is brought back to
working state 1. If a failure occurs in working state N , the item is made operational by replacement and the working state
becomes 1. A faulty item in state 1 is alwaysminimally repaired. Fig. 1 shows all possible state transitions of the item, where
circles and squares denote working states and failure states, respectively.
Since the item is sold with a RFRW policy with warranty period W , the manufacturer provides repair or replacement
services for failed products free of charge up to the time W from purchase. After replacement the warranty starts anew,
whereas after a minimal repair the product is operational and its warranty remains unchanged.
We assume that the time required to repair or replace the failed item is much shorter than the mean time between
failures and therefore treat the repairs/replacements as instantaneous. Also, we assume that all claims are valid.
Since replacement costs are usually higher than repair costs, we should avoid any unnecessary replacement. In other
words, we should only replace items that at the time of the failure have high damage accumulation and significant remaining
warranty time. This simple rule is the basis of establishing the structure of the warranty servicing policy. By quoting Zuo
et al. [16], we restate this rule as follows:
If a failure occurs at failure state j, 1 ≤ j ≤ N , with remaining warranty time t , 0≤ t ≤ W , the item is replaced if and
only if K ≤ j ≤ N and t ≥ α, otherwise, it is minimally repaired, where 2 ≤ K ≤ N and 0 < α ≤ W .
It should be noted that the validity of the explained general rule depends on the values of the model parameters. For
example, if there is no significant difference between replacement and repair costs, in order to reduce the product’s failure
rate, a replacement at failure might be the preferred option.
Obviously, there are some other applicable policies which could be used to extract different warranty servicing models.
The obtainedminimum costs for all these models should be compared in order to find the best possible one. This may result
in a new worthy contribution but it is not of our interest in this study and as we mentioned before, the high conformity of
the predefined rule with the real world constrains us to use this policy as the main optimization framework in our study.
In our optimization problem, K and α are the decision variables and the policy is characterized by these two parameters.
The manufacturer has to select the optimal values for K and α to minimise the expected warranty servicing cost. Under this
policy, we never replace a failed item in state j = 1. Furthermore, assuming that the replacement cost is much higher than
the repair cost, most failed items would be minimally repaired. However, if a product fails early in the warranty period and
has accumulated a high degree of deterioration, then itmight be beneficial to replace it by a newone. Such a policy practically
stays clear of (a) Unnecessary replacements with minor deterioration, and (b) Excessive repairs with high deterioration and
long remaining warranty coverage.
The main goal is to determine the optimal K and α which minimise the expected warranty servicing cost per item.
Assuming that the goal is achieved, i.e., the optimal values of K and α are successfully identified, how could these values be
useful to the decision maker? So, it is of interest to the decision maker, at product failure, to be able to identify the failure
state, which together with the known remaining warranty coverage will support her decision on whether to rectify the
product by a minimal repair or by a replacement. The problem of specifying the failure mode is always complex and hence,
using methodologies developed in Failure Modes and Effects Analysis (FMEA) to address this problem could be beneficial.
For more details on FMEA see [21,22]. Also, depending on the nature of the product, censors embedded within the product
could be useful for observing the deterioration and identifying the corresponding failure mode.
H. Vahdani et al. / Computers and Mathematics with Applications 61 (2011) 840–850 843
In the next section, we first consider an itemwith two working states, i.e., N = 2 which implies K = 2. We use the well-
known Adomian decomposition (for details see [23–26]) to derive an expression for the expected warranty cost in terms of
α. Then we obtain the optimal value of α by using standard optimization techniques as will be shown in Section 3.4.
Assumptions:
(a) The repair and replacement times are negligible.
(b) µ1(1− P1) < µ2(1− P2) < · · · < µN−1(1− PN−1) < µN .
(c) µ1 < µ2 < · · · < µN−1 < µN .
(d) C(1)m < C
(2)
m < · · · < C(N−1)m < C(N)m .
(e) C(2)r ≤ · · · ≤ C(N−1)r ≤ C(N)r .
We assume that as the item moves to the later working states, it accumulates a higher degree of deterioration and its
corresponding transition rate to failure states increases. In fact, in later working states, it is more likely to see a transition to
a failure state than to another working state, which is represented by assumption (b). Assumption (c) represents the item
degradation, which is in parallel with assumption (b). Furthermore, we have assumed that as the degree of deterioration
increases, so does the rectification cost, as given in (d) and (e). In (e), the increasing order of replacement costswith respect to
failure states is assumed which is practical especially in situations where the (failed) product consists of parts/components
of which some are still operational and can be reused for rectifying failed products that require minimal repair.
3. The model with N = 2
In this section, we derive the optimal repair-replacement strategy for N = 2, which means that the product has only
two possible working states and two possible failure states. For this case, we easily arrive at the only possible value for the
parameter K , which is 2. In other words, the failed item is replaced by a new one if and only if it is in failure state 2 and
the residual warranty period is not less than α, otherwise it is minimally repaired. We aim to derive an expression for the
expected warranty cost function in terms of α and then, it will be straightforward to find the optimal value of α to minimise
the warranty costs. The analysis of this simple model provides an insight into the treatment of the general case (N > 2) in
Section 4. To derive the expected warranty cost function, we initially provide the preliminaries needed.
3.1. The joint distribution of failure time and failure state
The discussion in this subsection is closely related to thework of Zuo et al. [16] which is whywe adopt it in our derivation
mechanism. At time 0, the item is in working state 1 which means it is new. We model the item’s deterioration process
as a continuous-time Markov process with 4 possible states. This enables us to use Kolmogorov’s equations to find the
probability of the product being in each of the working or failure states at any time. Furthermore, we treat each failure
state as an absorbing state and derive the probability of failure in any state and at any time. Now, let us make the following
designation:
Pi(t) = Pr {the item is in working state i at time t}, i = 1, 2;
Qi(t) = Pr {the item is in failure state i at time t}, i = 1, 2;
Fi(t) = Pr {the failure time is less than or equal to t and the failure state is i}, i = 1, 2.
Since Fi(t) denotes the probability of a failure in state i some time before or at t , it is clear that:
Fi(t) = Qi(t). (1)
Fi(t) is the joint probability distribution of two dependent random variables T ∈ (0,∞) and I = {1, 2}which represent
the time to the first failure and the corresponding failure state, respectively. The cumulative distribution function and the
density function of the time to the first failure are defined as:
Fi(t) = Pr{T ≤ t and I = i}, i = 1, 2, (2)
fi(t) = dFi(t)/dt, i = 1, 2. (3)
According to Eq. (1) and by using the Kolmogorov’s equations, we are able to find fi(t) for i = 1, 2. According to Ross [27],
the Kolmogorov’s equations for this four-state Markov process are:
d
dt
P1(t)P2(t)Q1(t)
Q2(t)
 =
 −µ1 0 0 0P1µ1 −µ2 0 0(1− P1)µ1 0 0 0
0 µ2 0 0

P1(t)P2(t)Q1(t)
Q2(t)
 , (4)
with the initial conditions defined as:
P1(0) = 1, P2(0) = Q1(0) = Q2(0) = 0.
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By solving Eq. (4), we obtain Q1(t) and Q2(t). Now, using Eq. (1) we have:
fi(t) =
(1− P1)µ1e
−µ1t for t ∈ (0,∞) and I = 1,
P1µ1µ2
µ2 − µ1 (e
−µ1t − e−µ2t) for t ∈ (0,∞) and I = 2. (5)
3.2. Warranty servicing cost
Weassume thatA(t)denotes themanufacturer’s expected cost given that the item is inworking state 1 and the remaining
warranty period is t (0 < t ≤ W ). Here we derive an expression for A(W ), which is the expected total warranty servicing
cost per item to the manufacturer over the warranty period (0,W ]. Noting that the item has an exponential sojourn time in
each working state and repairs/replacements are instantaneous, we have:
A(W ) =
∫ W
0
(C (1)m + A(W − t))f1(t)dt +
∫ W−α
0
(C (2)r + A(W ))f2(t)dt +
∫ W
W−α
C (2)m (1+ µ2(W − t))f2(t)dt. (6)
In Eq. (6), the integral limits for the second and third terms correspond to our adopted repair-replacementwarranty policy
and its dependence on the remaining warranty period. The first term relates to the fact that no replacement is allowed for
a faulty item in state 1.
For more simplicity, let us define B(wˆ) = A(wˆ + α) for all wˆ ≥ 0. Then, Eq. (6) can be rewritten as:
B(wˆ) =
∫ wˆ
0
B(wˆ − t)f1(t)dt +
∫ wˆ
0
B(wˆ)f2(t)dt + K(wˆ), (7)
where
K(wˆ) = C (1)m
∫ α+wˆ
0
f1(t)dt +
∫ α+wˆ
w
A(α + wˆ − t)f1(t)dt + C (2)r
∫ wˆ
0
f2(t)dt
+
∫ α+wˆ
w
C (2)m (1+ µ2(α + wˆ − t))f2(t)dt. (8)
Once we arrive at an expression for B(wˆ), we would be able to determine the parameters of the optimal repair-
replacement warranty strategy, because C(α, K ;W ) = A(W ) = B(W − α).
Evaluation of the first, third and the last terms in Eq. (8) is straightforward, whereas evaluation of the second term is
more involved. We next proceed to find a mathematical expression for the second term. Since∫ α+wˆ
wˆ
A(α + wˆ − t)f1(t)dt =
∫ α
0
A(t)f1(α + wˆ − t)dt,
and by noting that for t ∈ (0, α]we never resort to replacement, we can find the expression for A(t), t ∈ (0, α] as follows.
We know that all failed items with a residual warranty time equal or smaller than α will be rectified by minimal repair and
no warranty renewal will be in order. Therefore, we have:
A(t) =
∫ t
0
(C (1)m + A(t − x))f1(x)dx+
∫ t
0
C (2)m (1+ µ2(t − x))f2(x)dx, 0 < t ≤ α, (9)
which can be rewritten as:
A(t) =
∫ t
0
A(t − x)f1(x)dx+ h(t), (10)
where
h(t) =
[
C (1)m (1− P1)− C (2)m P2
µ2
µ1
]
(1− e−µ1t)+ C (2)m P1µ2t. (11)
By taking the Laplace transformation on both sides of Eq. (10) we obtain:
A˜(s) = A˜(s) · f˜1(s)+ h˜(s), (12)
which can be rewritten as:
A˜(s) = h˜(s)
1− f˜1(s)
= h˜(s) + f˜1(s)h˜(s)
1− f˜1(s)
. (13)
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Since f˜1(s)
1−f˜1(s) is the Laplace transformation of mf1(t) =
∑∞
k=1 f
k
1 (t) where f
k
1 (t) is the k-fold convolution of f1(t), we can
rewrite Eq. (13) as:
A˜(s) = h˜(s)+ m˜f1(s)h˜(s). (14)
Applying the inverse Laplace operator on both sides of Eq. (14) yields:
A(t) = h(t)+mf1(t) ∗ h(t) = h(t)+
∫ t
0
h(t − x)mf1(x)dx, (15)
where ‘∗’ denotes the convolution of two functions. Note thatmf1(t) can be directly obtained from f1(x) as follows:
mf1(t) =
∞−
k=1
f k1 (t) =
∞−
k=1
(1− P1)kµ1e−µ1t (µ1t)
k−1
(k− 1)! = (1− P1)µ1e
−P1µ1t . (16)
By replacingmf1(t) from Eq. (16) into Eq. (15) we have:
A(t) = (1− e
−P1µ1t)
P1
[
C (1)m (1− P1)− C (2)m
µ2
µ1
]
+ C (2)m µ2t. (17)
Using Eq. (17) and simplifying Eq. (8) leads to the following expression for K(wˆ):
K(wˆ) = M(α)e−µ1wˆ + N(α)e−µ2wˆ + R, (18)
where
M(α) =
[
µ2α

1+ P1µ1
µ2 − µ1

− µ2
µ1
]
C (2)m +
C (2)m µ2 − C (1)m (1− P1)µ1
P1µ1
[e−P1µ1α − (1− P1)] − C (2)r
P1µ2
µ2 − µ1 ,
N(α) = P1µ1
µ2 − µ1 [C
(2)
r − C (2)m µ2α],
R = C (1)m (1− P1)+ C (2)r P1.
Although we have found an expression for K(wˆ), it is not easy to obtain a closed form solution for B(wˆ) in Eq. (7). In
the next subsection, we use the Adomian decomposition method (ADM), which is a powerful technique in providing closed
form solutions for certain classes of integral equations.
3.3. Adomian decomposition method
In recent years, the ADM has been successfully applied to a wide class of stochastic and deterministic problems. The
ADM provides numerical solutions for differential and integral equations by generating a functional series solution in a
very efficient manner. It must be noted that the resulting series may provide the solution in a closed form. However, for
particular problems, the n-term approximation could result in highly accurate solutions. We can improve the accuracy level
by including more terms of the series. In most cases, the series quickly converge towards the exact solution. More details
regarding the convergence in this method can be found in [28,29].
The usage of the ADM has significant advantages over the usage of numerical methods. It provides analytic, verifiable,
rapidly convergent approximations that yield insight into the character and behavior of the solution. The ADM provides a
reasonable basis for studying linear and nonlinear systems of integral and integro-differential equations [23–26]. Here, we
focus on Eq. (7) and aim to find amathematical expression for B(wˆ) in terms of wˆ and α and then arrive at the optimal value
of α which will minimise the expected warranty cost per item, i.e., B(W − α).
The standard ADM defines the solution B(wˆ) of Eq. (7) by the series:
B(wˆ) =
∞−
i=0
bi(wˆ), (19)
where the terms b0(wˆ), b1(wˆ), b2(wˆ), . . . are usually determined recursively by:
b0(wˆ) = K(wˆ),
bi+1(wˆ) =
∫ wˆ
0
bi(wˆ − t)f1(t)dt +
∫ wˆ
0
bi(wˆ)f2(t)dt, i ≥ 0. (20)
Different modifications of this method can be found in the literature on differential and integral equations in order to
improve the accuracy and rate of convergence of this method [30,31]. Wazwaz [30] assumes that the function K(wˆ) can
be formulated as the sum of two functions K1(wˆ) and K2(wˆ), so that K(wˆ) = K1(wˆ) + K2(wˆ). This assumption leads to a
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Fig. 2. Different approximation of warranty servicing cost as a function of α ∈ (0, 3].
modification of ADM with an accelerated rate of convergence. In our study, due to the rapid convergence obtained during
the solution procedure, there is no need to use themodifiedmethod and the standard ADMmeets all problem requirements.
For numerical purposes, we use:
Bn(wˆ) =
n−
i=0
bi(wˆ), n ≥ 0. (21)
The higher the number of terms included in the approximation, themore accurate the resulting numerical solutionwould
be. In the next subsection, we consider an example to illustrate this method.
3.4. Example
The method described in the previous subsection is used to solve a numerical example with N = 2, µ1 = 0.5/year,
µ2 = 2/year, P1 = 0.9, C (1)m = $40, C (2)m = $100, C (2)r = $300,W = 3 years. The joint probability density functions given in
Eq. (5) are:
f1(t) = 0.45e−.5t , t ≥ 0,
f2(t) = 0.6(e−.5t − e−2t), t ≥ 0.
The expected warranty servicing cost function is calculated as a function of α with the recursive method given in
Section 3.3.We use thewell-known softwareMathematica-7 to compute the components of B(wˆ) and attain a pre-specified
accuracy level. We start with:
b0(wˆ) = K(wˆ) = (440e−0.45α + 260α − 804)e−0.5wˆ + (90− 60α)e−2wˆ + 274. (22)
Using Eq. (20) and substituting b0(wˆ) from Eq. (22), we obtain:
b1(wˆ) = 132e(−0.45α−2.5wˆ) − 528e(−0.45α−wˆ) + (27− 18α)e−4wˆ + (−349.2+ 150α)e−2.5wˆ
+ (160.2− 52α)e−2wˆ + (964.8− 312α)e−wˆ + e(−0.45α−0.5wˆ)(396+ 22wˆ)
+ e−0.5wˆ(−1076.8− 40.2wˆ + α(232+ 13wˆ))+ 274. (23)
The next terms are generated similarly. According to Eq. (21), different values of nwill lead to different approximations
of the solution. In this example, any increase in the number of terms to more than 4 leads to no significant effect on the
optimal expected warranty servicing cost, as shown in Fig. 2. Even though we could have stopped at n = 4, we continued
adding more terms in order to reach more accuracy and more negligible difference between successive iterations. We use
B6(3− α), to include seven terms of Eq. (21), in computing the expected warranty cost function in terms of α. Fig. 2 depicts
the trend of convergence to the real cost function.
The more precise changes of the expected warranty cost function around the optimal value of α are shown in Fig. 3.
From Fig. 3, it is observed that there is no significant difference between B3(3 − α) and B6(3 − α), especially in the
neighborhood of the optimal α, and that it is especially difficult to detect any differences between B5(3− α) and B6(3− α)
in this area. More numerical results are presented in Table 1 which shows that the optimal repair-replacement strategy
corresponds to α∗ = 2.34 with a total warranty servicing cost of $268.131. In other words, if the warranty period is 3 years,
in order to minimise the expected warranty servicing cost, the manufacturer should minimally repair all failures except
those occurring in state 2, for which the remaining warranty exceeds 2.34 years.
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Fig. 3. Warranty servicing cost as a function of α ∈ (2.20, 2.50].
Table 1
The expected warranty servicing cost around the optimal α for different levels of accuracy.
n = 1 n = 2 n = 3 n = 4 n = 5 n = 6
α B1(3− α) α B2(3− α) α B3(3− α) α B4(3− α) α B5(3− α) α B6(3− α)
1.67 255.126 2.22 267.352 2.30 268.071 2.31 268.143 2.31 268.153 2.31 268.155
1.68 255.114 2.23 267.340 2.31 268.059 2.32 268.130 2.32 268.139 2.32 268.141
1.69 255.106 2.24 267.334 2.32 268.052 2.33 268.123 2.33 268.132 2.33 268.133
1.70 255.104 2.25 267.332 2.33 268.052 2.34 268.122 2.34 268.130 2.34∗ 268.131∗
1.71 255.106 2.26 267.335 2.34 268.057 2.35 268.128 2.35 268.135 2.35 268.136
1.72 255.114 2.27 267.343 2.35 268.068 2.36 268.140 2.36 268.146 2.36 268.147
4. The general model (N > 2)
In this section we develop an effective algorithm for finding the optimal parameters (K ∗ and α∗) for the warranty repair-
replacement strategy with N ≥ 3. First, we need to extend the results from Section 3.1 to obtain the joint distribution of
failure time and failure state.
4.1. The joint distribution of failure time and failure state
We are dealing with two dependent random variables Ti ∈ (0,∞) and Ii which represent the time to the first failure and
the corresponding failure state, respectively, under the assumption that the item is in working state i (i = 1, 2, . . . ,N) at
time t = 0. Clearly, we have Ii = i, i+ 1, . . . ,N .
Borrowing notation from Zuo et al. [16], we define Fij(t) = Pr{Ti ≤ t and Ii = j} and fij(t) = dFij(t)/dt where
1 ≤ i ≤ j ≤ N .
As before, we model the deterioration process of the product as a Markov process with 2N possible states. The N failure
states are considered as absorbing states in this process. To derive fij(t), we use the same approach as in Section 3.1. The
Kolmogorov’s equations for this Markov process are:
d
dt

P1(t)
P2(t)
...
PN(t)
 =

−µ1 0 0 0 . . . 0 0
P1µ1 −µ2 0 0 . . . 0 0
. . . . . . .
. . . . . . .
0 0 . . . PN−1µN−1 −µN


P1(t)
P2(t)
...
PN(t)
 , (24)
dQi(t)/dt = (1− Pi)µiPi(t), i = 1, 2, . . . ,N − 1, (25)
dQN(t)/dt = µNPN(t). (26)
By setting Pk(0) = 1, Pj(0) = 0 for all j = 1, 2, . . . , k− 1, k+ 1, . . . ,N and Qj(0) = 0 for all j = 1, 2, . . . ,N , we obtain
Qj(t) by solving Eqs. (24)–(26). After a slight modification of Eq. (1), i.e. Fkj(t) = Qj(t), and under different initial conditions,
i.e. choosing different k’s for the assumption Pk(0) = 1, we obtain Fkj(t) and fkj(t) for all 1≤ k ≤ j ≤ N .
4.2. Warranty servicing cost
As in Section 3.2, we assume that Ai(t) denotes the expected cost to the manufacturer given that the item is in working
state i (i = 1, 2, . . . ,N) and the length of the remaining warranty period is t (0 < t ≤ W ). Hence, A1(W ) represents the
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total warranty servicing cost per item over the warranty period (0,W ]. In order to set up the integral equations for Ai(t),
we need to consider the following two cases for the remaining warranty period.
Case 1: t < α
By conditioning on the first failure state, given that the item starts functioning in state i, we have:
Ai(t) =
N−
j=i
∫ t
0
[C (j)m + Aj(t − x)]fij(x)dx, (27)
which can be rewritten as:
Ai(t) =
N−
j=i
∫ t
0
[C (j)m + Aj(x)]fij(t − x)dx, i = 1, 2, . . . ,N. (28)
Case 2: t ≥ α
For this time interval, we need to consider two different cases regarding the state in which the item starts functioning.
Case 2–1: i = 1, 2, . . . , K − 1. In this case, we obtain:
Ai(t) =
K−1−
j=i
∫ t
α
[C (j)m + Aj(x)]fij(t − x)dx+
N−
j=K
∫ t−α
0
[C (j)r + A1(W )]fij(x)dx+ Φi(t). (29)
Case 2–2: i = K , K + 1, . . . ,N . In this case, we get:
Ai(t) =
N−
j=i
∫ t−α
0
[C (j)r + A1(W )]fij(t − x)dx+ Φi(t), (30)
where
Φi(t) =
N−
j=i
∫ α
0
[C (j)m + Aj(x)]fij(t − x)dx, i = 1, 2, . . . ,N and α ≤ t ≤ W .
In general, finding a closed form solution for A1(W ) by using Eqs. (28)–(30) is quite involved. However, Eqs. (28)–(30) can
be solved numerically. Considering that A1(W ) is a continuous function of t over the interval (0,W ), we propose a simple
algorithmic solution for A1(W ) based on Riemann sums.
As mentioned before, the expected warranty servicing cost C(α, K ;W ) is given by A1(W ). It is to be noted that this is a
mixed optimization problem because α is a real variable while K assumes integer values. We use a combinatorial algorithm
to obtain the optimal values, as follows. For a fixed K , we obtain the corresponding optimal α∗(K). Then K ∗, the optimal
value of K , can be obtained by minimizing C(α∗(K), K ;W ). Applying this method to all K = 2, 3, . . . ,N , we obtain the
optimal values of α and K . The following subsection provides details of this algorithm.
4.3. Numerical algorithm
We partition the interval (0,W ) into n subintervals with equal lengths of h (= W/n), where n determines the accuracy
of the numerical solution. By using big values for n, the accuracy of the numerical solution can be arbitrarily improved. Let
tl = lh for l = 0, 1, . . . , nwith t0 = 0 and tn = W . For a fixed K , we take an exhaustive iterated approach to find α∗(K). Let
α = ωh for some fixed integer ω where ω = 1, 2, . . . , n. Now, for a fixed K and ω, we follow a stepwise approach to obtain
the approximate solutions of Eqs. (28)–(30) as follows:
Step 1: For l = 1, 2, . . . , ω, approximate Eq. (28) as:
Ai(tl) =
N−
j=i

l−1
k=0
∫ tk+1
tk
[C (j)m + Aj(x)]fij(tl − x)dx

≈
N−
j=i

l−1
k=0
[C (j)m + Aj(tk)]fij(tl − tk)× h

, (31)
for all i = 1, 2, . . . ,N where Ai(t0) = Ai(0) = 0.
Step 2: For l = ω + 1, ω + 2, . . . , n, approximate Eq. (29) as:
Ai(tl) ≈
K−1−
j=i

l−1
k=ω
[C (j)m + Aj(tk)]fij(tl − tk)× h

+
N−
j=K

l−ω
k=1
[C (j)r + A1(W )]fij(tk)× h

+ Φi(tl), (32)
for i = 1, 2, . . . , K − 1, and approximate Eq. (30) as:
Ai(tl) ≈
N−
j=i

l−ω
k=1
[C (j)r + A1(W )]fij(tk)× h

+ Φi(tl), (33)
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for i = K , . . . ,N , where:
Φi(tl) =
N−
j=i

ω−1−
k=0
[C (j)m + Aj(tk)]fij(tl − tk)× h

, for i = 1, 2, . . . ,N and l = ω + 1, . . . , n.
It is clear that solving Eqs. (32) and (33) for each l (ω+ 1 ≤ l ≤ n) results in a different linear formula in terms of A1(W ).
In order to find the warranty servicing cost C(α, K ;W ), we need to compute A1(tn), which is accomplished by using the
following recursive algorithm:
1. For l = ω + 1 in Eq. (32), compute Ai(tl) for i = 1, 2, . . . , K − 1 using the results from Eq. (31). Obviously, we obtain
(K − 1) linear equations in terms of A1(W ).
2. Let l = ω + 2 in Eq. (32). Using the obtained results in previous step, find new linear expressions for Ai(tl) in terms of
A1(W ), where i = 1, 2, . . . , K − 1.
Repeating the above steps, we obtain different expressions for Ai(tl) for allω+ 1 ≤ l ≤ n− 1 and i = 1, 2, . . . , K − 1
in a similar format.
3. Let l = n. Solving Eq. (33) for i = 1 results in the following typical linear equation in terms of A1(W ):
A1(tn) = A1(W ) = β0 + β1 × A1(W ), (34)
where β0 and β1 are constants determined through the steps of the algorithm. Now, we simply find the approximate
warranty servicing cost, i.e., A1(W ) given in Eq. (34).
We use Mathematica-7 to code this simple yet crude algorithm. Using the algorithm, one can calculate A1(tn), i.e. the
warranty servicing cost C(α, K ;W ) or A1(W ), for any given value of α and K . Hence, obtaining the optimal values is
straightforward. The value of N has to be determined according to the specifics of the warranted product. It is well-known
that too many failure modes will unnecessarily complicate the modelling and also will prolong the completion time of the
algorithm. If there is abundant computing memory and no constraints on the completion time, the proposed algorithm
always leads to a solution. On the other hand, from a practical viewpoint, N should be chosen small enough, so that the
distinction between different failure states can be easily drawn by identifying some operational characteristics of the failed
product, and the search for the optimal values of K and α can be completedwithin a reasonable time. Initially, themodelling
can incorporate a small number of failure modes (e.g., 3–4) and if needed, they can be further divided for finer failure
resolution. In the next subsection, an illustrative example is employed to elucidate the algorithm.
4.4. Example
We illustrate our approach by solving a numerical example with N = 4, µ1 = 0.5/year, µ2 = 2/year, µ3 = 3.5/year,
µ4 = 4/year, P1 = 0.9, P2 = 0.6, P3 = 0.5, C (1)m = $80, C (2)m = $100, C (3)m = $300, C (4)m = $400, C (2)r = $450, C (3)r = $600,
C (4)r = $750,W = 2 years.
The joint probability density functions obtained from Eqs. (24)–(26) are:
f11(t) = 0.05e−0.5t , t ≥ 0,
f12(t) = 0.8e−2.5t(−0.3e0.5t + 0.3e2t), t ≥ 0,
f13(t) = 1.75e−3.5t(0.12− 0.24e1.5t + 0.12e3t), t ≥ 0,
f14(t) = 4e−4t(−0.27+ 0.42e0.5t − 0.21e2t + 0.06e3.5t), t ≥ 0,
f22(t) = 0.8e−2t , t ≥ 0,
f23(t) = 1.75e−5.5t(−0.8e2t + 0.8e3.5t), t ≥ 0,
f24(t) = 4e−4t(2.1− 2.8e0.5t + 0.7e2t), t ≥ 0,
f33(t) = 1.75e−3.5t , t ≥ 0,
f34(t) = 4e−7.5t(−3.5e3.5t + 3.5e4t), t ≥ 0,
f44(t) = 4e−4t , t ≥ 0.
The expected warranty servicing cost is calculated with the numerical recursive algorithm described in Section 4.3.
The effect of different values of K and α on the warranty cost are shown in Fig. 4. This figure shows that the optimal
warranty servicing parameters are K ∗ = 3 and α∗ = 0.75, with a total warranty servicing cost of $234.8, i.e. C∗(α, K ; 2) =
C(0.75, 3; 2) = $234.8. In other words, the manufacturer should minimally repair all failures except failures occurring in
failure state 3 with a remaining warranty period longer than 0.75 years. Note that all failures in state 4, as described in
Section 2, should be rectified by replacement.
5. Conclusions
In this paper, we developed a renewing free replacement warranty policy for a multi-state deteriorating repairable
product with N working states and N failure states. The policy is determined by two parameters related to the product’s
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Fig. 4. Warranty servicing cost as a function of K and α.
age and the degree of deterioration at failure. An analytical method was proposed to obtain the optimal parameters for
the special case N = 2. In general, for N > 2, it is impossible to find the optimal parameter values analytically. Hence, a
computational procedure for finding these optimal values has been proposed. The present model can be extended in several
directions:
• We formulated a maintenance policy based on two parameters: the age and degree of deterioration of the failed item. By
combining maintenance policies with different warranty policies (see [1]) some valuable contributions can be proposed.
• In this paper, the repair or replacement time is assumed to be relatively short compared to the mean time between
failures and hence is treated as negligible. One can relax this assumption and treat these times as being non-zero in
conformity with the real world. Obviously, it will increase the complexity of the analysis.
• We assumed the minimal repair cost be constant in terms of failure state. Treating the minimal repair cost as a random
variable which depends on the failure state may serve as a future research direction.
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